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Effective inventory management is one of the most signiﬁcant challenges facing today's global supply
chains. Businesses are observing signiﬁcant proﬁtability gain by optimizing their inventory. This paper
optimizes safety stock inventory in a two-stage serial line supply chain, inspired by real-life Cisco supply
chains, under guaranteed-service safety stock model assumptions. We analytically show that the optimal
safety stock levels depend on the cost and leadtime parameters of the supply chain. Intuitively, it is only
worthwhile to hold safety stock inventory at the upstream stage when cost at the upstream stage is
relatively low or its leadtime is relatively long. We also show that total supply chain safety stock cost can
be reduced when cost allocated at the upstream stage is reduced or leadtime at the upstream stage is
increased.
& 2015 Elsevier B.V. All rights reserved.
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1. Cisco supply chain practice
Competition among companies has been shifted to competition
among supply chains. In order to buffer demand variation, a large
amount of capital is usually tied up in the form of inventories.
Therefore, effective inventory management becomes one of the
most signiﬁcant challenges for global supply chains.
Many global companies like Cisco Systems Inc. (Cisco) are
running extensively outsourced supply chain networks. Component suppliers, chip manufacturers, distributors, and other trading
partners, although not owned by Cisco, are all key players in Cisco's supply chain. Cisco's key to success, in the absence of full
ownership, is to be able to effectively plan and control the outcomes of each stage in the supply chain.
Fig. 1 presents an echelon-based view of Cisco's supply chain
for it low end product space, including phones, simple routers and
switches.
In this supply chain, vendors supply components for PCBA
boards. These components arrive at an assembly site (referred to
in the industry as a “Super Market”), where they are assembled
into PCBA boards plus any further processing. Completed PCBA
boards are then shipped to Direct Fulﬁllment (DF) sites where they
n
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are assembled into ﬁnished products. Finished products are then
shipped to Strategic Logistics Center to meet external demands
from customers.
Cisco owns the safety stock inventory decision-making at both
Super Market and Direct Fulﬁllment (DF) sites. At Cisco, the DF
sites always hold safety stock inventory of ﬁnished product.
Whether Super Market sites hold safety stock of completed PCBA
boards depends on the product's cost, the PCBA board building
leadtime, as well as the number of DF sites supplied by the Super
Market. For example, IP phone parts are lower in cost and shorter
in leadtime so Super Markets usually do not hold PCBA safety
stock for IP phones. In contrast, low-end routers have higher cost
and more complicated parts that require longer assembly leadtime, and it is a common practice for their Super Market sites to
hold PCBA safety stock inventory.
The Cisco example can be stylized to a two-stage serial-line
supply chain, where the downstream stage (i.e., Direct Fulﬁllment)
always needs to meet external demand from stock, and the
upstream stage (i.e., Super Market) always has its components
when needed. Cisco's objective is to minimize the total safety
stock cost in this two-stage supply chain, with the primary
inventory question being whether or not to maintain a safety stock
at the upstream stage after its processing activity is complete.
Cisco's practices also seem to indicate that cost, leadtime and
network structure jointly determine the optimal safety stock
inventory decisions in their Super Market and DF sites. Under
certain conditions, it makes sense to break the power of pooling
and place inventory in both Super Market and DF sites. To gain
deeper insight into these safety stock decisions and to prove or
dispute their existing practices, this paper studies a two-stage
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Fig. 1. Echelon-based view of Cisco Systems' supply chain for low end products.

serial line supply chain in order to analytically depict the joint
impact of cost and leadtime on safety stock inventory decisions.

2. Literature review
The inventory management literature is sizable. We refer the
readers to Federgruen (1993) and Porteus (2002) for a broad survey of the ﬁeld. Simpson (1958) proposed an inventory model,
later coined the guaranteed-service (GS) model by Graves and
Willems (2003), that solves for the optimal safety stock levels and
locations in serial line supply chains. In the GS framework, every
stage faces a random but bounded demand from its downstream
stage, and operates according to a base-stock policy. Each stage
quotes an outgoing service time to its downstream stage, and the
demand from the downstream stage has to be met within this
service time. The outgoing service times are the decision variables
in the model. Optimally setting the service times dictates the
optimal safety stock placement in the supply chain.
In contrast to the guaranteed service model, Graves and Willems (2003) characterize the stochastic service (SS) model as one
that does not guarantee service times. In the SS model, each stage
maintains sufﬁcient safety stock to satisfy a certain service level
target. When demand exceeds the available inventory, the stage
can be thought of as a server in a queueing network where the
stage has a random replenishment process. In practice, as pointed
out by Graves and Willems (2003), the GS and SS models represent
two extreme views of what happens in the presence of a stockout.
When a stockout occurs, the GS model assumes countermeasures
outside the model are taken in order to ensure the service time is
guaranteed whereas the SS model assumes the existing stochastic
replenishment process can continue without any special countermeasures to remedy the stockout situation. In reality, the solution
is somewhere between these two extremes. However, the GS
model has been extensively deployed in practice, as documented
in papers like Willems (2008) and it matches the operating realities of Cisco. Furthermore, Gallego and Zipkin (1999) consider a
serial line supply chain under the unbounded demand assumption, and show that the optimal policy in Simpson (1958) can be
near optimal. As such, we focus our attention on the GS model in
this paper.
The GS inventory model has been further developed along
several paths: adapting the model to general acyclic network
structures, developing efﬁcient algorithms, and relaxing the original model assumptions. Humair and Willems (2006) extended
the model to networks with clusters of commonality, and then the
work is further developed to general acyclic networks in Humair
and Willems (2011). The line of the literature on developing
algorithms include Graves (1988), which solves the original GS
model as a dynamic program; Graves and Lesnaia (2004), which
report a branch and bound algorithm for solving the optimal
safety stock placement problem in a general network structure;
Lesnaia et al. (2005), which show that the Graves and Willems
(2000) algorithm in a general network structure is NP-hard; and
Magnanti et al. (2006), which propose a tight relaxation of the
original GS algorithm, and gain faster computational performance
on commercial solvers. Lastly, on the works that modify the original GS model assumption to incorporate other supply chain

issues, Minner (2001) considers the GS model in a supply chain
where materials can be returned. Graves and Willems (2008)
consider the model under non-stationary demand, and Klosterhalfen et al. (2014) apply the model to static dual sourcing.
Farasyn et al. (2011) documents a successful application of the GS
model at Proctor and Gamble. Tian et al. (2011) employ the GS
model to develop an iterative approach to jointly solve the problems of tactical safety stock placement and tactical production
planning.
In this paper, we expand the understanding of the GS model for
safety stock optimization by analytically characterizing the structure of the optimal inventory policy in a two-stage serial line.
Among existing GS research, this is the ﬁrst paper that analytically
characterizes the properties associated with the optimal safety
stock placement policy in this framework.
This paper is structured as follows. In Section 3, the GS model is
brieﬂy reviewed, and we characterize the structure of the optimal
safety stock policy, which is the building block of the following
sections. Section 4 investigates how cost and leadtime allocation
affect the optimal safety stock policy, by ﬁxing the total cost and
leadtime of the supply chain. Section 5 concludes the paper and
presents future research directions.

3. GS safety stock model
The following assumptions underlie the GS model for a twostage serial line supply chain. The supply chain is modeled as a
network where stages represent stocking points and arcs represent the precedence relationship between stages. The upstream
stage is denoted as Stage 2 while the downstream stage is denoted
as Stage 1, as shown in Fig. 2.
There is a cost and leadtime associated with each stage,
denoted as Ci and Ti (i¼1,2). Cost includes the direct material and
labor costs associated with transforming the stage's input to output and leadtime refers to the required time to accomplish this
transformation assuming the stage's raw materials are available.
Each stage quotes a nonnegative guaranteed outgoing service
time, Si (i¼1,2), which is the amount of time between receiving an
order from a downstream stage and satisfying the order. Service
time is guaranteed in the sense that as long as the demand is
less than a speciﬁed upper bound, the order is committed to be
delivered within the outgoing service time. Consistent with Cisco's
practice, we assume Stage 1 must provide immediate delivery for
external demand and Stage 2 has immediate access to raw materials; this is equivalent to assuming S1 ¼ 0 and the incoming service
time quoted to Stage 2 is zero. These service time assumptions for
the edges of the network are common in GS papers, and can easily
be relaxed, as discussed in Graves and Willems (2000).
We assume external demand occurs only at Stage 1 and one
unit from Stage 2 is required to satisfy one unit of demand at Stage
1. Furthermore, we assume the demand process at Stage 1 is stationary with average per period demand μ and standard deviation
σ. Demand at a stage is bounded by the function D(τ) which
speciﬁes an upper bound on demand for any interval of length τ.
Such a demand bound does not mean that demand can never
exceed the bound but it does mean that the safety stock in the
system is only designed to satisfy the demand within the bound.
Assuming a service factor of k, D(τ) can be deﬁned as μτ þ kστ1/2.

Fig. 2. In this two-stage serial line supply chain Stage 2 is the upstream stage
supplying Stage 1. Stage 1 satisﬁes external demand.
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This functional form is well documented to be the method the GS
model implements D(τ) in practice. Speciﬁc examples are provided in Graves and Willems (2008) and Bossert and Willems
(2007), while Willems (2008) presents 38 supply chains from 29
companies that all employ this functional form for specifying their
demand.
The safety stock optimization problem P for this two-stage GS
model can be formulated as
pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
P min αC 2 kσ T 2  S2 þ αðC 1 þ C 2 Þkσ S2 þ T 1
s.t. 0 r S2 r T 2
where
Ci ¼Cost at stage i, i¼1, 2
Ti ¼Leadtime at stage i, i ¼1, 2
S2 ¼Outgoing service time at stage 2. This is the decision variable in this two-stage network
α ¼ Safety stock holding cost rate
k ¼Service factor chosen
σ ¼ Standard deviation of demand per period
The ﬁrst and second terms in the objective function represent
the safety stock holding cost at Stage 2 and Stage 1, respectively.
The only constraint requires the outgoing service time at Stage 2 to
be nonnegative and to not exceed Stage 2's leadtime. In our twostage serial-line supply chain, there are only two possible optimal
safety stock policies. Either Stage 2 does not hold safety stock (i.e.,
S2 ¼ T 2 ) which causes Stage 1 to hold sufﬁcient safety stock for
demand over the combined leadtimes from both stages or Stage
2 does hold safety stock (i.e, S2 ¼ 0) and each stage holds safety
stock to cover demand over its own leadtime.
The safety stock required at a stage can also be determined by
deﬁning net replenishment time at a stage. The net replenishment
time at Stage 2, calculated as T2 S2, represents the amount of time
Stage 2 is responsible for covering with safety stock. When Stage
2's net replenishment time is zero (i.e., S2 ¼ T 2 ), Stage 2 does not
need to hold safety
stock which necessitates Stage 1 carrying a
pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
safety stock of kσ T 2 þ T 1 . When Stage 2's net replenishment time
equals Stage 2's leadtime, (i.e., S2 ¼ 0 so T 2  S2 ¼ T 2 ), Stage 2 is
responsible for meeting the demand over
pﬃﬃﬃﬃﬃits
ﬃ leadtime which
T
at Stage 2 and kσ
σ
requires
safety
stock
in
the
amount
of
k
2
pﬃﬃﬃﬃﬃﬃ
T 1 at Stage 1.
To gain deeper insight into the two-stage problem, we employ
the concept of cost allocation and leadtime allocation between the
two stages. If the total cost for a unit is C¼ C2 þ C1, we let ω denote
the percentage of the total cost allocated to Stage 2; i.e., ω ¼ C2/
(C2 þC1). Similarly, if the total leadtime in the supply chain is
T ¼T1 þ T2, we let γ denotes the percentage of the total leadtime
allocated to Stage 2; i.e., γ ¼T2/(T2 þT1). Furthermore, we let ρ
denotes the net replenishment time allocated to Stage 2, where
ρ ¼ (T2  S2)/(T2 þT1).
With these new variables deﬁned, problem P can be re-written
to problem P' as follows:
pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
pﬃﬃﬃﬃﬃﬃ
P' min αωCkσ ρT þ αCkσ ð1  ρÞT
s.t. 0 r ρ r γ
where
C ¼Total per unit cost, i.e. C ¼C1 þC2
ω ¼Percentage of total per unit cost allocated at Stage 2;
ω ¼C2/C
T ¼Total supply chain leadtime, i.e. T ¼T1 þ T2
γ ¼Percentage of total supply chain leadtime allocated at Stage
2; γ ¼T2/T
ρ ¼ Decision variable, percentage of total net replenishment
time allocated at Stage 2; ρ ¼(T2 S2)/T
α ¼Safety stock holding cost rate
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k¼ Service factor chosen

σ ¼Standard deviation of demand per period
Since P' is simply a rewriting of P, there remain two possible
optimal safety stock policies: ρ ¼0 or ρ ¼ γ. When ρ ¼ γ, safety
stock is held at both stages, forcing the system as a whole to hold
more units of safety stock versus when ρ ¼0. Intuitively, to break
the power of pooling at Stage 1, the cost at Stage 2 must be low
enough that decoupling Stage 2's leadtime results in a lower total
safety stock cost.
Lemma 1 quantitatively characterizes the optimal safety stock
policy.
pﬃﬃﬃ pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
Lemma p
1.ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
When
1  ω γ  1  γ Z0; ρ ¼ γ ; and when
ﬃ
pﬃﬃﬃ

1  ω γ  1  γ r 0; ρ ¼ 0, where ρ is the optimal solution to P'.
All proofs appear in Appendix. This lemma shows that the cost
and leadtime allocation across the stages jointly determine the
optimal safety stock inventory policy. This point will be further
elaborated in the following sections.

4. Impact of system parameters on the safety stock placement
In this section, we ﬁx the total unit cost and total leadtime for
the two-stage network, and investigate the impact of cost allocation ω and leadtime allocation γ on the optimal safety stock policy
and corresponding optimal total safety stock cost. Subsection 4.1
investigates the impact of cost allocation and Subsection 4.2 studies the impact of leadtime allocation.
4.1. Impact of cost allocation
Fig. 3 shows total safety stock cost as a function of Stage 2's net
replenishment time allocation. The four lines correspond to four
ways to allocate cost between the stages (ωi ¼0.1, 0.4, 0.7 and 0.9).
In this example, the holding cost rate is 45%, the average daily
demand is 100 per day and the standard deviation of demand is
80. The safety factor k is 3. Total supply chain cost and total supply
chain leadtime are chosen to be 100.
Fig. 3 shows that when γ ¼ 0:6, ρ ¼ γ for ω1 ¼0.1 and ω2 ¼0.4
and ρ ¼ 0 for ω3 ¼ 0.7 and ω4 ¼ 0.9. It can be intuited that there
seem to exist a threshold of ω, lying between 0.4 and 0.7, which
separates the optimal policies of Stage 2 holding and not holding
safety stock inventory. Moreover, Fig. 2 also seems to suggest that,
ﬁxing all parameters other than ω, as ω increases the minimum
safety stock cost steadily increases even though the optimal safety

Fig. 3. Change of optimal safety stock policy with changing ω.
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Fig. 4. ω0 as a function of γ.

Fig. 5. Change of optimal safety stock policy with changing γ.

stock policy may change. Theorems 1 and 2 analytically prove
those intuitions.

allocating less cost at Stage 2 always incurs a smaller total safety
stock cost.

Theorem 1. Fixing all other parameters
andﬃ changing only the cost
pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
pﬃﬃﬃ
allocation ω, there exists ωo ¼ ð1  1  γ Þ= γ , such that for
ω A ½0; ω0 , ρ ¼ γ , and for ω A ½ω0 ; 1, ρ ¼ 0.

4.2. Impact of leadtime allocation

Theorems 1 shows that when the cost allocated to Stage 2 is
less than a threshold based on the leadtime allocation between
stages, it makes economic sense to break the power of pooling and
place a decoupling stock at Stage 2.
Fig. 4 intuitively shows that ω0 is an increasing function of γ ,
and Corollary 1 analytically proves it.
pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ pﬃﬃﬃ
Corollary 1. ω0 ¼ ð1  1  γ Þ= γ is an increasing function of γ .
Corollary 1 analytically shows that when γ , the leadtime allocated to Stage 2, decreases, the cost threshold, ω0 , also decreases.
Combining this result with Theorem 1, we can see that, in general,
the beneﬁt of decoupling Stage 2's leadtime is less possible to be
realized when γ decreases, unless the cost allocated to Stage 2 is
small enough. In other words, when leadtime allocated to Stage
2 decreases, unless the cost allocation at Stage 2 is sufﬁciently low,
holding safety stock inventory at Stage 2 will result in a higher
minimum total safety stock cost than holding no safety stock at
Stage 2 and having Stage 1 maintain sufﬁcient safety stock to cover
the leadtime at both stages.
Theorem 2 investigates the impact of ω on total safety stock
cost in the supply chain.
Theorem 2. Keeping all parameters other than ω constant, the
minimum total safety stock cost is an increasing function of ω.
As ω increases, the optimal safety stock policy changes. When
ω is between 0 and ω0, Stage 2 holds safety stock inventory and
the total safety stock cost increases as ω increases; when ω is
between ω0 and 1, Stage 2 does not hold safety stock inventory,
and the total safety stock cost is a constant with regard to ω. As is
shown in the proof, the total safety stock cost is greater when ω A
[ω0, 1] versus when ω A [0,ω0]. Thus the safety stock cost is nondecreasing as ω increases.
In summary, Theorem 2 shows that increasing the allocation of
cost to Stage 2, while keeping all other parameters the same,
increases the safety stock cost. From a managerial perspective,
Theorem 2 shows that for two supply chain conﬁgurations with
identical parameters other than the cost allocation, the one

Keeping the cost allocation constant, we next investigate the
impact of leadtime allocation on the optimal safety stock policy
and total safety stock cost. Fig. 5 shows four allocations of leadtime
between Stages 1 and 2 equal to 0.2, 0.4, 0.6 and 0.8. Cost allocation ω is chosen to be 0.35. All other parameters remain the
same as in Fig. 3.
Based on Fig. 5, we can intuit similar results to those found in
the previous subsection. Namely, a leadtime allocation threshold
exists. However, the total safety stock cost seems to decrease as
the leadtime allocated to Stage 2 increases, and this is the opposite
effect compared to the impact of increasing cost allocation to Stage
2. Theorems 3 and 4 prove these observations analytically.
Theorem 3. Fixing all other parameters in the supply chain and
considering only changes to the leadtime allocation γ, then for any
cost allocation ω there exists γ 0 ¼ 4ω2 =ðω2 þ 1Þ2 A ½0; 1, such that for
γ A ½0; γ 0 , ρ ¼ 0, and for γ A ½γ 0 ; 1, ρ ¼ γ .
If the leadtime allocated to Stage 2 is small enough, then it is
optimal not to hold safety stock at Stage 2. But if Stage 2's leadtime
exceeds the threshold, then it is optimal to hold safety stock at
Stage 2. This result is opposite the result of Theorem 1 in the sense
that a greater cost allocation indicates not holding safety stock
while a greater leadtime allocation indicates holding safety stock
at Stage 2.
Taken together, Theorems 1 and 3 demonstrate that to break
the power of pooling generated by holding safety stock inventory
at only Stage 1, the cost at Stage 2 has to either be relatively cheap
or its leadtime has to be relatively long.
Fig. 6 intuitively shows the leadtime threshold γ0 as an
increasing function of cost allocation ω, and Corollary 2 analytically proves it.
Corollary 2. The threshold γ 0 is an increasing function of ω.
In the same spirit of Theorem 1, we can say that 1  γ0 measures the size of the leadtime allocation set where it is optimal for
Stage 2 to hold safety stock inventory. Therefore, Corollary 2
analytically shows that when the cost allocated at Stage 2 increases, in general, the beneﬁt of decoupling the total supply chain
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5. Conclusions

Fig. 6. Leadtime threshold γ0 as a function of cost allocation ω.

leadtime is less possible to be realized, unless the leadtime allocated to Stage 2 is also fairly large.
Corollaries 1 and 2, taken together, show that leadtime and cost
jointly determine the optimal safety stock policy. When cost
allocated at Stage 2 increases, it is possible but harder for leadtime
to break the power of pooling created by holding safety stock at
only Stage 1; at the same time, when leadtime allocated at Stage
2 increases, it is possible but harder for cost allocation to realize
any inventory cost savings from decoupling the supply chain
safety stock created by holding safety stock at Stage 2.
Corollaries 1 and 2 provide analytical justiﬁcation for Cisco's
supply chain practices as described in Section 1. For phone supply
chains, where the cost allocated at the Super Market (corresponding to Stage 2 in our model) is low enough there is no need
to hold safety stock at the super market. While for low-end routers, which have higher Stage 2 cost and a longer leadtime, it
makes sense to hold safety stock at the Super Market.
Theorem 4. Keeping all the parameters other than γ the same, the
total safety stock cost is a decreasing function of γ .
Proof of Theorem 4 demonstrates that although the inventory
placement in the supply chain varies as γ increases from 0 to 1, the
optimal total safety stock cost is decreasing. In practice, Theorem 4
shows that for two supply chains with identical parameters other
than the leadtime allocation, the one with more leadtime incurred
at Stage 2 always has lower total safety stock cost.
Taken together, Theorems 2 and 4 provide several insights. First,
ﬁxing all system parameters other than leadtime and cost allocation, the conﬁguration that minimizes the total safety stock cost
assigns as little cost as possible and as much leadtime as possible to
Stage 2. Second, with total cost and total leadtime ﬁxed, there
would never be a beneﬁt to shift the cost allocated to Stage 2 from
Stage 1 in exchange for decreasing Stage 2's leadtime allocation if
one wants to reduce the safety stock cost.
Linking the insights back to the Cisco example, Theorems 2 and
4 provides some potential directions for safety stock cost reduction.
To reduce total safety stock cost, it would be beneﬁcial for Cisco to
further examine options that assign as little cost as possible and as
much leadtime as possible to Stage 2. Also, decreasing Stage 2's cost
allocation while increasing its leadtime allocation will never result
in a supply chain with lower safety stock cost. This second result
was a real learning for Cisco's procurement team.

In this paper, we consider a two-stage serial line supply chain
and employ the GS safety stock inventory model to determine the
optimal safety stock placement policy and safety stock cost. We
then analytically characterize the supply chain safety stock decision with regard to supply chain cost and leadtime changes.
We start by varying the cost and leadtime allocation when
ﬁxing the total cost and leadtime in the supply chain. We show
that only when the cost at Stage 2 is relatively low or its leadtime
is relatively long, is it worthwhile to decouple the total supply
chain leadtime and hold safety stock inventory at Stage 2. We also
show that when we ﬁx all supply chain parameters other than cost
and leadtime allocation, the way to reduce the total safety stock
cost is to increase the leadtime allocation and decrease the cost
allocation at Stage 2 as much as possible.
This research ﬁlls a gap in the GS literature by analytically
characterizing the GS model's optimal safety stock policy with
regard to supply chain cost and leadtime. It still has great potential
for further development. First, it would be interesting to analytically consider other network structures such as simple distribution
networks and assembly networks. Second, it would be interesting
to try to relax several key model assumptions, such as the bounded demand assumption and guaranteed service assumption, and
consider whether the derived insights still hold.

Appendix: Proofs
Proof of Lemma 1. It is easy to show that for 0 r ρ r γ , ddfρð2ρÞ ¼
 
pﬃﬃﬃ pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
3
 ð14Þωρ  2  ð14Þð1  ρÞ  3=2 o0. Therefore, f ρ ¼ ω ρ þ 1  ρ is a
pﬃﬃﬃ
pﬃﬃﬃﬃﬃﬃ
pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
concave function of ρ.Thus αωCkσ γ T þ αCkσ ð1  γ ÞT r αCkσ T ,
pﬃﬃﬃ pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
i.e. ω γ þ 1  γ r1, we have ρ ¼ γ . Otherwise, ρ ¼ 0. □
2

Proof of Theorem
1. For any ﬁxed γ , choose ω0 A ½0; 1 such that
pﬃﬃﬃ pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1  ω0 γ  1  γ ¼ 0.
pﬃﬃﬃ pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
Therefore, for ω A ½0; ω0 , we have 1  ω γ  1  γ Z 1 
pﬃﬃﬃ pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
ω0 γ  1  γ ¼ 0. According to Lemma 1, ρ  ¼ γ . pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
pﬃﬃﬃ
Similarly, when ω A ½ω0 ; 1, we have 1  ω γ  1  γ r 1 
pﬃﬃﬃ pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
ω0 γ  1  γ ¼ 0, by Lemma 1, ρ  ¼ 0. □
pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ pﬃﬃﬃ
Proof of Corollary 1. By deﬁnition, ω0 ¼ ð1  1  γ Þ= γ , and
pﬃﬃﬃﬃﬃﬃﬃﬃ
1 1γ
when γ A ð0; 1Þ, ∂∂ωγ0 ¼ pﬃﬃpﬃﬃﬃﬃﬃﬃﬃﬃ 4 0, so ω0 is an increasing function
of γ A ð0; 1Þ. □

γ γ

1γ

Proof of Theorem 2. To prove this result, we discuss ω A ½ω0 ; 1,
ω A ½0; ω0  and compare when ω1 A ½0; ω0  and ω2 A ½ω0 ; 1.
Firstly, when ω A ½ω0 ; 1,
pﬃﬃﬃρ  ¼ 0, so the total safety stock cost
can be expressed as αCkσ T , and it is not a function of ω.
Secondly, when ω A ½0; ω0 , ρ p
 ﬃﬃﬃﬃﬃ
¼ ﬃγ , so thep
total
safety
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
ﬃ stock cost
can be expressed as αωCkσ γ T þ αCkσ ð1  γ ÞT , and it is
obviously an increasing function of ω.
Thirdly, when ω1 A ½0; ω0  and ω2 A ½ω0 ; 1, we have
pﬃﬃﬃ
pﬃﬃﬃﬃﬃﬃ
pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
αω1 Ckσ γ T þ αCkσ ð1  γ ÞT r αCkσ T :
The inequality holds because ρ  ¼ γ when ω1 A ½0; ω0 .
Therefore, the conclusion of this theorem holds. □
pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
pﬃﬃﬃﬃﬃﬃ
Proof of Theorem 3. Denote f ðρÞ ¼ αωCkσ ρT þ αCkσ ð1  ρÞT ,
and deﬁne
pﬃﬃﬃ
pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
pﬃﬃﬃﬃﬃﬃ
gðγ Þ ¼ f ðγ Þ  f ð0Þ ¼ αωCkσ γ T þ αCkσ ð1  γ ÞT  αCkσ T .
Therefore g(0) ¼0.
pﬃﬃ
pﬃﬃ
2
γÞ
T
pTﬃﬃﬃﬃ
pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
ﬃ
And we have ∂ ∂gð
γ 2 ¼  αωCkσ 4 γ 3  αCkσ 4 ð1  γ Þ3 r0.
Thus gðγ Þ is a concave function of γ A ½0; 1.
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Chooseγ 0 A ½0; 1, such that f ðγ 0 Þ ¼ f ð0Þ, i.e., gðγ 0 Þ ¼ gð0Þ ¼ 0.
According to the concavity of gðγ Þ, when γ A ½0; γ 0 , gðγ Þ Z 0, i.e.,
f ðγ Þ  f ð0Þ Z0, therefore ρ  ¼ 0; and when γ A ½γ 0 ; 1, gðγ Þ r 0,
therefore ρ  ¼ γ . □
pﬃﬃﬃﬃﬃ pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
Proof of Corollary 2. By deﬁnition, γ 0 satisﬁes 1  ω γ 0  1  γ 0
2
2
2
¼ 0, therefore, γ 0 ¼ 4ω =ðω þ 1Þ . This is a monotinic increasing
3
function of ω A ½0; 1 because when ω A ½0; 1, ∂∂γω0 ¼ 8ðωω2þω1Þ3 Z0. □
Proof of Theorem 4. We will discuss when γ A ½0; γ 0 , when γ A ½
γ 0 ; 1 and compare when γ 1 A ½0; γ 0  γ 2 A ½γ 0 ; 1.
Firstly,
pﬃﬃﬃ when γ A ½0; γ 0 ; ρ  ¼ 0, . So the safety stock cost is
αCkσ T , and it is not a function of γ .
Second,
γ 0 ; 1; ρﬃ  ¼ γ , so the total safety stock cost is
p½ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
pﬃﬃﬃﬃﬃﬃwhen γ A
αωCkσ γ T þ αCkσ ð1  γ ÞT we need to show that this is a
decreasing function of γ for γ A ½γ 0 ; 1.
To see this, ﬁrst we have that
pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
pﬃﬃﬃﬃ
pﬃﬃ
pﬃﬃ
∂2 ðαωCkσ γ T þ αCkσ ð1  γ ÞT Þ
T
ﬃ r 0,
¼  αωCkσ pTﬃﬃﬃﬃ3  αωCkσ pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
2
3
∂γ
4

γ

4

ð1  γ Þ

so this is a concave function of γ A ½γ 0 ; 1, and its maximum is
reached when
pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
pﬃﬃﬃﬃﬃﬃ
pﬃﬃﬃ
pﬃﬃﬃ
∂ðαωCkσ γ T þ αCkσ ð1  γ ÞT Þ
T
T
¼ αωCkσ pﬃﬃﬃ  αCkσ pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ ¼ 0;
∂γ
2 γ
2 1γ
1 ﬃ
¼ 0, i.e., when γ^ ¼ 1 þωω2 . So the total safety stock
i.e., ωp1ﬃﬃγ  pﬃﬃﬃﬃﬃﬃﬃ
1γ
2

cost is a decreasing function for all γ A ½γ^ ; 1. Notice that
pﬃﬃﬃﬃﬃﬃ
2
2
γ 0 ¼ ð1 þ4ωω2 Þ2 4 1 þωω2 ¼ γ^ , so the total safety stock cost αωCkσ γ T þ
pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
αCkσ ð1  γ ÞT is a decreasing function when γ A ½γ 0 ; 1.
Thirdly, we consider the scenario when we have γ 1 A ½0; γ 0 , ρ 
¼ 0 and γ 2 A ½γ 0 ; 1 ρ  ¼ γ . For γ 1 A ½0; γ 0 , the total safety stock
pﬃﬃﬃ
cost is αCkσ T , but for γ 2 A ½γ 0 ; 1, the total safety stock cost is
pﬃﬃﬃﬃﬃﬃﬃﬃ
pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
pﬃﬃﬃﬃﬃﬃﬃﬃ
αωCkσ γ 2 T þ αCkσ ð1  γ 2 ÞT , and it is obvious that αωCkσ γ 2 T
pﬃﬃﬃ
pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
þ αCkσ ð1  γ 2 ÞT r αCkσ T because γ 2 A ½γ 0 ; 1.
Therefore, in summary, we have proved that the total safety
stock cost is a decreasing function of γ.
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